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STTMMABT 



A soheme for obtalnlnjg exact potential-flow patterns 
In a oompresalble fluid la presented. Tha method Is based 
on a eomplez-f ttnetlon theory doTeloped recently for the 
solutions of the simultaneous first»order partial differ- 
ential equations In the hodograph Tarlables* The pro* 
cedure suggested le to take a given incompressible-f low 
pattern given by an analytic function and to replace this 
function by an assooiated complex function, a solution of 
the oampreBsible--f lov equatlonst which will represent an 
assooiated compresslblo-f low pattern. Ihis method formally 
solTes the problem for obtaining an exact flow past a body 
in a compressible fluid; however, before auch general flow 
patterns can be obtained, the new complex functions in- 
▼olved must first be studied and tabulated* 



INISOOUCTIOlsr 



Shis paper is intended to outline or sketch a process 
for creating flow patterns -of a compressible fluid by means 
of a generalised concept of a complex variable. It is 
known that the present modes of treating this problem are 
essentlallr of an approximate nature. Tor example, the 
methods of Frandtl and Olauert, Aokeret ; Foggl, Jansen and 
Baylelgh, aJid others are of an iterative nature and, after 
one or two steps, become unmanageable. Beoontly Binglob, 
following Ohaplygln's original memoir published in 1904, ob 
tained exact solutions of the differential equations for 
compressible flows corresponding to a source and a vortex* 
Bingleb's approach, however, does not appear to yield a 
general process for handling the problem. 

It is believed that the method outlined in this paper 
is a natural approach to the solution of the problem* The 
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mathematical baokgroiuid for the details of tlie method has 
already been developed. CSee reference 1.) Only those 
steps essential to the process are glren herein. 



SHSOaXTICAL BACEaBOCTHD 



It Is well Jcnovn that the relations "between the poten- 
tial function ^ and the stream function ^ In the Incom- 
presslljle case are 
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(1) 



These equations will "be referred to as the F4 (physical, 
Incompressi'ble) eq.uatlons. Since equations (l) are the 
Cauchy-Alsmann equations, t 0 + i^' is an analytic 
function of a complex' varlahle s = (x + ly) . It follows 
then that the reflected velocity vector Is 
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where q Is the magnitude of the velocity and 6 Is the 
angle the velocity vector makes with the x-axls. 

If q and 9 are Introduced as Independent vatlaTiles, 
■equations (l) take on the form 



= # 



(3) 



Ihese equations will he referred to as the Hi (hodograph, 
Incompressi'ble) equations. 



She eqnattona oorroBpondlnf to equations (l) • In the • 
oonpresslble oase, are 
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where p 1b the density of the 

tlon (q >= o) density* ^hesa 

as the Fq (physloal, oompress 

Is a funotlon of 9x a^^^ Vy 
In ■ ... - 

to 
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character and thftrefora arsi 
handle* It was first notice 
hy Chaplygln that, If 6 and 
dependent rarlahlest then the e 
equations (4) are linear in ohn 
pendent Tarlahles the equations 



fluid and po the stagna* 
equations will he rofarred to 
Ible) equations. Since o 
equations (4) are nonlinear 

In general, too difficult 
d "by Holon'broaok and later 

q are chosen as the In- 
quatlons corresponding to 
racter. In the new Inde- 

beoome 
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where = q°/a° and a is the ▼eloolty of sound corre« 
spending to q. 

It is remarked that. for- given stagnation conditions 
both p and N are functions of q only. Thus, the 
coefficients of and are functions of q onlyi 

and equations (5) are therefore linear. She equations 
for p and N"-- -are 
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vbere 

Btagnatlon veloolty of Bound 

Y ratio of specif io heats at opnstant Yolume and oo&v- 
etant pressure 

It has l>een proved in reference 1 that, if 
and ^i^COiq) satisfy equations, (s) , then 

P(e,(i) « * + « / ( d'de 2- tdO 



+ 1 / ^*dO + jtiq^ (7) 



Is a complex function of the end point (8iq.)i Independent 
of the path of Intefcrat Ion , whose real ai:d imaginary parts 
$ and ^ also satisfy ecLuatlons (5)* (The lover llialts 
8 3, and may be ar'bltrarlly chosen. I'or most purposes 

it Is convenient to choose q^, = qg,, vhere Is the 

mazlmua posslhle velocity, given hy 



" /.r— r *o =y 5 a^ (8) 



If, now, f=Jt'i-l^l'=»l+10, then the line integral 
of - equation (?) yields 
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By repeated application of the foregoing prooess an 
unlimited numhbr of particular solutions of equations (S) 
'can he ohtalned* Zhus 
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(See reference 1.) 

Slinllarl7, when f s '0 + 1, a complementary set of 

particular Bolutlons of equations (5) are o'btalned. These 
take on the form 



p4 

P 



4 <1 



> (11) 
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Po(l~Ma) 
P4 



dq 
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(See reference 1.) If v 1b ctoeen as 7/5, the evaluation 
of the Integrals is simplified. 

Vhen the fluid Is inaompresal'ble (thaJc, • a a n, or 
U a 0, p B p^), the solutions v(n) and lY(n) reduce to 
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Bolutlona of equations (3) and- 1)6 0 01116 « roBpeetl-vely , 
(e •(■ 1 log g.)^ and i(0 -i- 1 log q)^. That thoso are 
Bolutlons of equations (s) can easily Toe verified. It 
Is precisely this correspondence between the solutions of 
equations H^^ and E. that suggosts the procosa (glrsn 
In the following seotion) of associating a compresB ihle 
flow with an inoompresBl'ble flow* 

Since equations (S) are linear, any linear cosibination 

(n) "(n) 
of the solutions ' and IV^ ■ are again Bolutions; 

that is, 

where an A-nd. are real constants « Ib a solution of the 

system of equations (6). It may be pointed out t f urthormoro , 

that tho solutions V^"^ and iV^'^^ are of elliptic type in 
one part of tho range of q and of hyperbolic typo in the 
other part of the range of q. 
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In the IncompreBsible ease the same order of mat heiaat leal 
difficulty oxists in going frpm the Bolutions of the 
equations to the solutions of tho equations as {Exists 

in the reverse process. In tho comprosBible case, hovevor , 
it is at present necessary to proceed from tho solutions of 
the Eq equations to the solutions of the equatlonB. 

Let Q a .0 4- i^i^ represent a flow pattern in tho Incou^ 
presslblo cape. It is known that the reflected velocity 
voctor iB 

an -19 
d?=1^ 



It la convenient to introduce the variable 

w = 1 log ^2 , B + 1 log q ^^jr* °i^ ^^^^ 
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vhloh Is a 'solution <^ th» Zj^ eq.uatloiis. Then 

' . f'*-'" ■ as) 

If la regards^ 1^* <b 'ftactlon of v, equation (13) 

can be Integrate^Ls tlM* 
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Equation (is) »iur "be oonsldered the transformation that 
conTorta aolutlona of the P4 equations to sol-uLtlons of the 
equations, and equation (14) may "be ccnsldored na the 

tranaf ormation that oouTerts aolutione of the equations 
to solutions of the Pj^ equations. 

As an example I consider the simple case of a source of 
strength m at the origin In the physical plane. Shus 

» ^ + 1>|/ » — log B (15) 
Sit 

Then, from equation (12), , ' . 

m 

w ■ 1 log — • 

2lTB 



or 

n a i W + log I: (16) 
* an art 3n 

Thus, Cij^ as a function of z la given Taj equation (15) 
and,' as a function of w, "bj equation (16). 

If ^ had been proas signed as a function of yi , a 
solution of the equations, then by the use of equation 
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(14) a 1b o'btalned as a fuB<:1:loii of v. Solving for 
V In terma of a and. '•wi>B^l'l''U''i!iii£ v back Into the pre- 
assigned function glv.es- O as a function of a. Tor ex- 
ample, given the relation expressed hy eq.uation (16), a 
aoJLution in the physical plane, froB equation (14) 

in iw 
a = e*" 

2lT 



is o'btalned. Solving for w in terms of a and substi- 
tuting in equation (16) gives equation (is), vhlch is identi- 
fied as a Bouroe of strength m. Shis Is the process of 
going from the solutions of the Hj equations to the solu- 
tions of the Pj^ equations (Hj^— ».Fj^), 

In the compress iblo case, the corresponding process of 
going from the solutions of the equations to the solu- 

tions of the Pj, equations (Hq-^Pq) is f ollowod in this 

paper. Tor this purpose a relation analogous to that of 
equation (l4) Is necessary. Zhls relationship is glvon hy 
the pair of - known equations: 



dx^ 
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Po COS 9 
+ ' ll;, 



Bin 9 
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cos 9 



^9)d8 ^ 



By simple algehra, equations (17) can "bo arrived at "by uso 
of equations (s). It is useful to hoar i:i mind, solving a 
particular prohlem, that equations ' (17) are exact differ- 
entials. 

As an example, consider the solution of the Eq equa- 
tions given by 



Q^a^+iM/alifal^e+iy* 



Po(l-M») 



P4 



dq^ 



(18) 
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Hare 



pi 



da 



and 



a e 



If partial der l-ratlvoB aro taken and substituted In equa- 
tion (17) , the f ollovlng eg.uatlonB are obtained: 



dx - 



dy B — 



Pgd-M^) cos e 

Ppd-Mg) Bin 0 
pqa 



dq - 



dq. + 



pq 

pO COB 8 

- P<L 



dO 



> (19) 



dS 



By use of the relation 



dq 



Pi 



the pair of functions of vhioh equations (19) are the exact 
differentials are rocogniaed as 



7 * 



Pq COB 6 

pq 

p sin e 



pq 



If each side of the tvo equations is squared and BUAmed, 
the fplloving equation is obtained 
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x" + y» - r» » Po"/p*<l* (30). 



Iguatlon (20) implies that the product of the density 

and the Telocltjr rarles InyerBely as the dlatance froia the 

origin* 

Zn order to Identify the character of the potential 
and stream llnee* d and ^ are sot eq.iial to constants ; 
that Is, 

r Po^^"""°^ 

fif e — / ■ dq. a 

J pq, 



and 



\|f e.» cb 



She stream lines 



0 B constant 
Eire radial lines, and the potential lines 

Po(l-M=) 

■ ■■ dq. «a oonstant 

PI 

are concentric circles* This flow pattern Is therefore 
that of a source. 

It Is of Intere'fct to ohserve that "by a alcilar process 
the solution 

■'^ ' * ° ' * pff 

can he shown to represent a vortex In a oompressl'ble fluid 
In the physical plane. 




In the IncomprefiBllile case, the source in the 6 ,q— 
plane la glren Tsy Iv and. la the oospreeslhle case-, the 
'■ 'B'ource In the 9 ,q-^lane le given- "by - iff 

She q.ualltatl7Q Blmllarlty hetveeji the q.uantltieB v 
and V and the quantities Iv and IV can easily he 
recognized. It 1b this qualitative similarity Tjetween the 
Bolutlons of the eq.uatlona and the Hp equations that 

seryes, In a sense, to pick out the "useful" solutions of 
the Eq equations from the unlimited numher of solutions 

given hy the express Ion 

• 

parametric in and The following procedure may "be 

used: Given a "useful" flow pattern ^ of aa IncompraBs 1- 
"ble fluid In the physical plane, convert this pattern Into a 
pattern in the plane; that la, convert ^i, into a func— 

tldn of w aad Iw, Expand In a power B'JrIeB: 

=z(aa + Pn ^^^^ 
Iheni the compressible flow given hy 

Of, - £(an ir^''^ + Pn IW^''^) (32) 

where the real constants aad Pq are the same as In 

equation (2l) . Is the associated compress Ihle-^iow pattern 
of the Incofflpresslhle-^low pattern given hy equation (Hl) • 

If equation (21) represents an IncoinpreBsihle flow 
past a hody Bj^, then equation (33) represente a com— 
pressihlo flow past an associated body Bg, which may bo 
distorted from Bj_ ■ by. some factor depenilng on the Mach 
number. Vhen the body Bg 1b obtained, well—known methods 
(reference 2) can be used to f lad the IncoiikpreBBlble flow 
past Bq In order that the two flow pattern6 about Bg 
can be compared and studied for a given Kach number. 

If the compr'esBible flow about a preaaslgned body is 
desired, it' will be noceesary to start with a body 3^ 
that 1b distorted la the opposite dlrectioa. 
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71nall7i it 1b emphasised that, In order to ohtaln 
4 sultahle oomputat Icnal prooodure for the- prooess mentioned - 
in thla paper, the functions corresponding to the elemon— 
'^ar7 functions — for example, sine, exponential! and lo^a— 
i^tthm — must he studied and tahulated. SoiRo inf oi':j£j.tioa 
concerning those functions can ho found in reference 1. 
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